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Abstract. Earthquake-cycle simulations require solving a large sparse
elliptic system at every timestep, making repeated linear solves the dom-
inant cost. We present a task-parallel hybridized finite-difference solver
for multi-core CPUs based on SBP-SAT discretizations. SBP-SAT hy-
bridization preserves sparse stencil operators within each subproblem,
making subproblem size a tunable parameter. We exploit this to develop
a dependency-aware task-parallel algorithm that overlaps subproblem
solves with global trace assembly, reducing bulk-synchronous barriers
and improving cache reuse, and a Roofline-based performance model that
selects the subproblem size minimizing end-to-end solve time. On 64-
core Sapphire Rapids and 104-core Ice Lake systems, our solver achieves
up to 9.1× speedup over a baseline hybridized solver, up to 4.7× over
IC(0)-preconditioned CG, and up to 12× over sparse multifrontal QR.
Model-guided sizing achieves up to 31× speedup over commonly used
fixed sizes, substantially reducing per-solve costs for earthquake-cycle
simulations.

Keywords: Hybridized methods, · task-parallel solvers · multi-core
CPUs · earthquake-cycle simulations · PDEs.

1 Introduction

A primary challenge when solving partial differential equations (PDEs) is their
reliance on low arithmetic intensity operations, where memory accesses dominate
compute, leaving processing units idle. Techniques such as cache-obvious algo-
rithms [2], sparse matrix formats [1, 6], specialized preconditioners [22, 5], address
this constraint at different levels of the solver stack. In contrast, hybridization
is a technique that reduces the degrees-of-freedom (DOFs) required to repre-
sent the underlying system of linear equations when solving elliptic PDEs [11].
Hybridization decomposes the problem into independent subproblems connected
at interfaces, which define a smaller global trace system. We exploit two key
properties of hybridization—data-independent subproblems and reduced mem-
ory footprint—that directly address the memory and parallelism constraints of
modern architectures to develop a new parallel algorithm for solving PDEs on
multi-core CPUs.

Our approach relies on a key distinction between hybridized finite differ-
ences (FD) and finite element methods (FEM). In hybridized FEM, such as
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hybridizable discontinuous Galerkin (HDG)[15], subproblem interiors are typi-
cally represented by dense local matrices, so local factorization and solve costs
increase rapidly with subproblem size. Consequently, large subproblems are often
unattractive in practice. In contrast, our hybridized SBP-SAT finite-difference
formulation preserves sparse, stencil-structured operators within each subprob-
lem. This makes the subproblem size a flexible tuning parameter, allowing it to
grow without incurring the dense-local algebra penalty and enabling a principled
trade-off between local work and the cost of the global trace solve.

We target earthquake-cycle simulations, which model multi-scale deforma-
tion of the Earth over hundreds of years [8]. These simulations require implicit
time integration, solving a large sparse system at every timestep, often requiring
hundreds of thousands of solves per simulation. In solve-dominant workloads,
even modest per-solve speedups translate directly to reduced wall-clock time.

1.1 Contributions

We make three key contributions towards improving the performance of hy-
bridized PDE solvers.

1. We develop a task-based parallel algorithm that captures data dependencies
across subproblems and global problem assembly, reducing bulk-synchronous
barriers and improving cache reuse (§2.3). On 64-core Sapphire Rapids and
104-core Ice Lake systems, this achieves up to 9.1× speedup over a baseline
parallel hybridized solver (§4.2).

2. We develop a Roofline-derived model that predicts the optimal subproblem
size by balancing local solve costs against global trace solve costs (§3). Our
model selects the optimal parameter in 87.7% of cases, with average perfor-
mance within 1.7% of an exhaustive search (§4.3).

3. We compare against widely-deployed non-hybridized commercial solvers,
IC(0)-preconditioned CG and multi-frontal QR from Intel MKL, achieving
up to 4.7× and 12× speedup, respectively (§4.6).

1.2 Related work

The existing literature on hybridization for solving PDEs largely focuses on its
use as a memory reduction technique, leaving its potential as a performance
optimization strategy largely underexplored. Work prioritizing memory reduc-
tion increases subproblem density (i.e., number of subproblems), making each
subproblem as small as possible [9, 13, 3]. This grows the size of the global trace
system, motivating preconditioner research [20, 7] for faster convergence. Low-
density approaches [10] use larger subproblems to shrink the trace system but
provide no guidance on optimal sizing. One study [14] compared three densities
and observed that performance degrades at extremes, but did not provide guid-
ance on selecting the optimal density. Our work explicitly models this trade-off.

Hybridization is distinct from algebraic domain decomposition and bordered
block-diagonal (BBD) methods. In BBD formulations, the global matrix is par-
titioned after discretization, producing a border that couples subproblems; this
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border is typically dense and partition-dependent.Classical substructuring meth-
ods similarly operate algebraically and often solve interface coupling implicitly.
In contrast, hybridization introduces trace unknowns during discretization, en-
suring the global system is sparse and structured by the mesh layout. This
explicit sparse structure is what enables our task-parallel algorithm and per-
formance model. Importantly, algebraic techniques (e.g., domain decomposition
preconditioners) can be applied to the subproblems and trace system produced
by hybridization, making it a distinct stage in the solver workflow.

Task parallelism has been applied throughout PDE solver workflows, includ-
ing factorization [25, 4] and preconditioning [26]. However, these efforts target
solver and assembly phases, not the numerical method itself. Hybridized meth-
ods naturally decompose into independent subproblems coupled through a sparse
trace system, making them well-suited to task-based execution. Yet, existing im-
plementations largely rely on bulk-synchronous models. We show that task-based
execution improves cache reuse and reduces synchronization overhead.

2 Parallel Hybridized PDE Solver

We solve a version of the 2D anti-plane shear deformation problem [18] with
variable coefficients:
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on the unite square 0 ≤ x, y ≤ 1 with mixed Dirichlet/Neumann boundary
conditions. This problem arises in earthquake-cycle simulations, where implicit
time integration requires solving a linear system at every timestep. Because
matrix factors are reused across timesteps, the dominant cost is the solve phase.

2.1 Hybridized scheme

We discretize using the summation-by-parts finite difference method with simul-
taneous approximation terms (SBP-SAT) [17, 19, 24], which provides high-order
accuracy and provable energy stability within stenciled kernel [16]. Hybridization
decomposes the domain into sub-domains coupled at interfaces (Fig. 1a-b),[
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Here, M is block-diagonal with each block encoding a subproblem, F encodes
interface condtions, D is a sparse diagonal matrix, and λλλ contains trace variables
on internal interfaces. Vectors ḡ and ḡδ contain the source data for the external
boundaries and internal interfaces. The solution is obtained using the Schur
complement,

ΛΛΛA = D− F⊺M−1F, (3a) λλλb = ḡδ − F⊺M−1ḡ, (3b)
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ΛΛΛAλλλ = λλλb, (3c) Mu = (ḡ− Fλλλ). (3d)

Eqs. 3b and 3d decompose into independent subproblem solves; Eq. 3c is the
global trace solve. The trace operator ΛΛΛA is computed once and reused across
timesteps.

2.2 Problem configuration

We use square subproblems of uniform size for simplicity, though extending the
problem to non-uniform decomposition is straightforward. The total number of
subproblems is ℓ2, each containing n2 grid points, giving a global problem size of
n̄2 = (nℓ)2. The number of internal interfaces is r = 2ℓ2 − 2ℓ. Fig. 1a illustrates
a 3×3 decomposition with ℓ2 = 9 and r = 12 interfaces. We strictly consider the
2D anti-plane shear problem, a standard benchmark problem in earthquake-cycle
simulation.
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Fig. 1: Visualizations of the (a) global domain, (b) computational domain, and
(c) task graph for a 3× 3 decomposition of the hybridized problem specified in
Eq. 2. Submatrices of F are shaded in the same color/pattern if they have the
same nonzero pattern.
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2.3 Task-parallel algorithm

General Schur complement reductions are typically computed using large single-
kernel methods (Alg. 1) because they often lack guarantees about the matrix
structure. In contrast, the non-zero structure of the hybridized SBP-SAT method
allows us to break this work into fine-grained computations, as shown in Fig. 1c,
where the work is broken into five stages (i–v), each with multiple computational
tasks.

There are read-after-write (RAW) dependencies between tasks in stages i and
ii (over xi), tasks in stages iii and iv (over λλλ), and tasks in stages iv and v (over
gi). There is also a write-after-write (WAW) dependency between tasks in stage
ii and the global solve in stage iii (over λλλb). Conventional bulk synchronous par-
allelism (BSP) would require global synchronization between stages to address
the RAW dependencies, as well as additional inter-task synchronization (in stage
ii), mutex locks, or thread-private buffers with global reduction, to address the
WAW dependency.

Alg. 2 describes a BSP algorithm for stages i and ii. Instead of using mutex
locks or thread-private buffers with global reduction, both of which are com-
putationally more expensive, we use a global barrier (between line 2 and 3) to
eliminate the WAW dependency. The second barrier (between line 8 and 9), in
particular, divides the computation into sets of non-adjacent subproblems (i.e.,

Algorithm 1: Naively parallel.

1 parallel for i ∈ 1 · · · ℓ2
2 Solve Mixi = gi

3 x = x1 ⊕ · · · ⊕ xn

4 λλλb = F⊺x

Algorithm 3: Task parallel.

1 for i ∈ 1 · · · ℓ2
2 Task A: out(xi)
3 Solve Mixi = gi

4 for j ∈ 1 · · · r
5 Retrieve sub-matrix Fij

6 if Fij exists then
7 Task B: in(xi),

mtx(λλλbj)
8 λλλbj = F⊺

ijxi

Algorithm 2: Bulk synchronous parallel.

1 parallel for i ∈ 1 · · · ℓ2
2 Solve Mixi = gi

3 parallel for i ∈ 1 · · · ℓ2
// First set of subproblems

4 if i/n mod (2− n mod 2) ̸= 1 then
5 parallel for j ∈ 1 · · · r
6 Retrieve sub-matrix Fij

7 if Fij exists then
8 λλλbj = F⊺

ijxi

9 parallel for i ∈ 1 · · · ℓ2
// Second set of subproblems

10 if i/n mod (2− n mod 2) ̸= 0 then
11 parallel for j ∈ 1 · · · r
12 Retrieve sub-matrix Fij

13 if Fij exists then
14 λλλbj = F⊺

ijxi

Fig. 2: Three methods of computing stages i & ii from the task graph in Fig. 1c:
using a naively parallel, single-kernel method (Alg. 1), a bulk-synchronous par-
allel method (Alg. 2) and a task-parallel method (Alg. 3). The task-parallel
method prioritizes temporal locality, improving the likelihood that intermediate
data (xi) will remain in cache for subsequent tasks.
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Fig. 3: The number of nonzero elements in (a) ΛΛΛA and (b) Mi as a function of
the subproblem density (ℓ2) for a constant global volume of n̄2 = 1e6.

subproblems that do not share an interface with others in the same set), elimi-
nating write conflicts to λλλb when subproblems are computed in parallel. For the
example in Fig. 1a, these would be even and odd-numbered subproblem sets.

The BSP model requires more synchronization than is absolutely necessary
so we analyze the dependencies between tasks across all five stages to construct
a task graph, as shown by the arrows in Fig. 1c. This allows us to use task-
parallelism to execute more tasks asynchronously, which reduces the synchroniza-
tion overhead and increase temporal locality of intermediate data. Additionally,
some intermediate data computed in one stage (e.g., x5 in stage i) is consumed
by more tasks in the subsequent stage (e.g., stage ii) compared to other inter-
mediate data (e.g., x1), due to having more internal interfaces (e.g., subproblem
5 has four interfaces, whereas subproblem 1 only has two). We further exploit
this dependency structure by prioritizing tasks whose intermediate results are
consumed by a greater number of downstream tasks. Because these tasks are
memory-bandwidth bound, executing them before others improves temporal lo-
cality and reduces evictions of frequently reused data.

Our task-parallel algorithm for stages i, ii is described in Alg. 3. We omit
the algorithm for stages iv, v, as it is similar but constructed from the edge-
reversed graph of the former. We implement these routines using OpenMP’s task
constructs. We use the depend clause to assign dependencies on the intermediate
data, the mutexinoutset clause to serialize writes to the same memory location,
and the priority clause to prioritize the execution of tasks that generate more
frequently consumed intermediate data.

3 Performance Model

A key parameter in hybridized PDE solvers is the subproblem density (i.e., the
number of subproblems for a given total DOFs), which significantly impacts
performance [14]. However, prior work has only explored it heuristically or for a
small set of values, without guidance on optimal selection. To address this, we
develop a performance model that selects the optimal subproblem density for
a given global volume size and processor. Our model derives from the Roofline
model [27], which predicts performance based on arithmetic intensity and peak
compute and memory throughput. Our model first derives the number of nonzero
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elements (nnz) in ΛΛΛA (global problem) and M (subproblems) as functions of ℓ2,
which are then used to compute the number of arithmetic operations and bytes
accessed by Eqs. 3b, 3c, and 3d. Our model then predicts execution times, which
we balance between the subproblems and the global problem to identify the
subproblem density that minimizes total execution time.

3.1 Deriving the number of nonzero elements

To compute ΛΛΛA, we solve the sparse system Mx = F in 3a, storing each Fi

boundary as a n2 × n matrix. The number of unique submatrices is p ≤ ℓ2

(with p = ℓ2 for variable-coefficient problems), and the number of interfaces is
r = 2ℓ2 − 2ℓ. Solving this system yields (p · n · 2r) vectors y of length n2, and
since n = n̄/ℓ, increasing the subproblem density ℓ2 decreases each subproblem
size n2 for fixed n̄2. Each y is used in the product Fi⊺y, yielding ΛΛΛA ∈ Rrn×rn.
The nnz in ΛΛΛA is given by

nnzΛΛΛ = n2
ℓ2∑
i=1

(ϕ2
i ), (4a)

where ϕ ∈ Zℓ2 encodes the number of interfaces for each subproblem,

ϕ =

2, 2, 2, 2︸ ︷︷ ︸
4

, 3 · · · 3︸ ︷︷ ︸
4ℓ−8

, 4 · · · 4︸ ︷︷ ︸
(ℓ−2)2

 , (4b)

corresponding to corner (4), boundary (4ℓ− 8), and interior ((ℓ− 2)2) subprob-
lems, respectively. Substituting Eq. 4b into Eq. 4a gives

nnzΛΛΛ(ℓ) = (n̄2/ℓ2)(16ℓ2 − 28ℓ+ 8). (5)

Similarly, the second-order SBP-SAT discretization of Eq. 1a yields five nonzeros
per row, so nnz in M is given by

nnzM(ℓ) = 5n̄2/ℓ2. (6)

As shown in Fig. 3, nnzΛΛΛ grows with ℓ2 while nnzM decreases, illustrating the
cost trade-off between the global and subproblems.

3.2 Deriving the execution time model

We use nnzΛΛΛ and nnzM to derive execution time models for the global problem
(Eq. 3c) and subproblems (Eq. 3d), then minimize their sum to find the optimal
subproblem density. This is possible since any weighted sum of nnzΛΛΛ and nnzM
is bounded by a second-degree polynomial, and is thus convex with a unique
global minimum.
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The global problem is modeled as memory-bound, giving

TΛΛΛ =
bytesΛΛΛ
βpeak

, (7)

where bytesΛΛΛ depends on the storage scheme: (rn)2 or (rn)2/2 for dense LU or
Cholesky, and 2 · nnzΛΛΛ for sparse methods. The subproblem execution time is
modeled as

TM =
bytes

(1+ε)
M

βpeak
, (8)

where ε is a parallel penalty term capturing solver implementation overheads,
and bytesM is (n)2, (n)2/2, or 2 · nnzM for LU, Cholesky, or sparse storage,
respectively. The optimal subproblem size is then

τ(n) = argmin
n

{TΛΛΛ + 2TM} . (9)

This model has a unique global minimum because TM and TΛΛΛ trade off with ℓ:
as subproblem density increases, each subproblem shrinks, with total subproblem
cost scaling as ℓ−2ε (decreasing for ε > 0), while TΛΛΛ grows since more interfaces
enlarge the global problem. The parameter ε scales cleanly with n̄2, allowing it
to be measured offline once and reused across problem sizes.

3.3 Model analysis

The primary role of this model is to identify subproblem sizes that balance local
and global costs without exhaustive empirical tuning. Eq. 9 has a unique global
minimum because TM and TΛΛΛ trade off with ℓ so the total subproblem cost scales
as ℓ−2ε (decreasing for ε > 0), since each subproblem shrinks faster than their
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Fig. 4: Comparison of three variants of our parallel hybridized PDE solver for a global
volume of n̄2 = 1e6 grid points. Naive (Alg. 1) stores the interface matrix F in CSR and
performs a single SpMV to compute F⊺x; BSP stores F as multiple submatrices and
computes multiple SpMVs; Task eliminates implicit barriers via task-based parallelism.
Fig. (a) shows execution time improves significantly with both optimizations, with the
lowest time at the largest subproblem size due to fewer total bytes accessed, as shown in
Fig. (b). Fig. (c) confirms that L3 cache misses also decrease with each optimization.
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number grows, while TΛΛΛ increases with ℓ as each additional subproblem intro-
duces new interfaces, growing the global problem as ℓ2 for dense factorizations.
The penalty ε captures solver-specific inefficiencies and is stable across problem
sizes and platforms, so it can be computed once and reused.

4 Experimental Results

We evaluate the impact of using the bulk-synchronous (Alg. 2) and tasked-base
(Alg. 3) parallel methods on the performance of our parallel hybridized PDE
solver across different subproblem sizes (§4.2). We then evaluate how accurately
our performance model predicts the optimal subproblem size that minimizes the
overall execution time for a range of solver algorithms, global volume sizes, CPU
platforms, and number of CPU cores (§4.3). Lastly, we compare the performance
achieved by our parallel hybridized PDE solver when using sub-block sizes pre-
dicted by our model against using sizes from prior studies (§4.5), and against
non-hybridized PDE solvers, CG and multi-frontal QR method (§4.6).

4.1 Experimental setup

We evaluate on two Intel CPU platforms, each configured with one thread per
core and fixed clock frequency. All measurements are averaged over 10 runs and
collected using PAPI [12]. Code was compiled with the Intel OneAPI compiler
(release 2024.1.0) and Intel OpenMP library, using the -O3 and --fiopenmp

flags, with OMP_NUM_THREADS=64 and 104 for the Sapphire Rapids and Ice Lake
platforms, respectively, and OMP_PLACES="cores" and OMP_PROC_BIND="close"

for thread placement. This configuration outperformed thread spreading, as the
largely independent subproblems favor locality-preserving access patterns with
limited cross-socket traffic. All linear algebra operations use Intel MKL routines,
including dense Cholesky, CG, and multi-frontal QR solvers. We evaluate global
volume sizes from n̄2 = 1e6 to n̄2 = 3.2e7; larger sizes are excluded due to exces-
sive runtime and/or memory requirements of competing methods. Throughout,
we report subproblem size (n2) rather than subproblem density (ℓ2) for clarity,

where n2 = n̄2

ℓ2 for a fixed global domain.

4.2 Impact of task-based parallelism

We evaluate the bulk-synchronous (Alg. 2) and task-parallel (Alg. 3) methods
against a naive parallel baseline for a global volume of n̄2 = 1e6 grid points and
ℓ2 = 64 subproblems; sufficient to fully occupy the Sapphire Rapids cores. Other
global volume sizes show similar trends and are omitted. As shown in Fig. 4a,
both methods improve performance over the baseline, with task parallel achiev-
ing the lowest execution time across all subproblem sizes. The largest subproblem
size yields the best performance, with 3.4× and 9.1× speedups for BSP and task
parallel, respectively, consistent with the reduction in total bytes accessed as
shown in Fig. 4b. Fig. 4c confirms that task parallelism incurs the fewest cache
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Table 1: Comparison of predicted (Model) and empirically determined optimal
subproblem sizes for the Sapphire Rapids (SPR) and Ice Lake (ICX) platforms,
using maximum available cores of 64 and 104, respectively. In two cases (high-
lighted in gray), the predicted optimal size differs from the empirically deter-
mined optimal, but only by one valid step size.
Dense Cholesky

n̄2 Model SPR Model ICX

1e6 91 91 77 77
2e6 100 100 85 85

Sparse multi-frontal QR

n̄2 Model SPR Model ICX

1e6 200 200 142 142
2e6 218 218 172 172
4e6 246 282 200 200

Sparse multi-frontal QR

n̄2 Model SPR Model ICX

8e6 282 312 258 258
1.6e7 340 340 300 300
3.2e7 400 400 360 360

misses, confirming that prioritizing intermediate data reuse improves temporal
locality and cache utilization.

4.3 Performance model accuracy

We evaluate our model by comparing predicted subproblem sizes against those
found by exhaustive empirical search (oracle), across global volume sizes, solver
algorithms, CPU platforms, and core counts. Exhaustive search is infeasible at
the largest volumes due to varying memory footprints, so we restrict comparison
to regimes where sufficient empirical data can be collected. We test two con-
trasting solvers, dense Cholesky (smaller problems) and sparse multi-frontal QR
(larger problems), to demonstrate that the model generalizes across algorithms.
Overall, our model matches the oracle in 79 of 90 cases (87.7%). Mismatches arise
from projecting a continuous model onto discrete subproblem sizes that evenly
divide the global volume. Even in incorrect cases, the execution time penalty is
minimal and amounts to an average slowdown of 4.8% for mispredictions, and
1.7% across all cases.

Tab. 1 shows a subset of the optimal subproblem sizes predicted by our model
compared to the empirically determined optimal sizes across the Sapphire Rapids
and Ice Lake platforms when using all available cores. For Cholesky, our model
selects the correct subproblem sizes on both systems for global volume sizes of
n̄2 = 1e6 and 2e6. For multi-frontal QR, our model selects the correct sub-
problem sizes in 10 out of 12 cases across both platforms. The two incorrect
predictions occur on Sapphire Rapids and the predictions differ by only a single
discrete step from the oracle due to rounding and divisibility constraints on sub-
problem sizes. These results demonstrate that our performance model is both
accurate and robust. Notably, performance is relatively insensitive to small de-
viations from the model-predicted optimum, with neighboring subproblem sizes
exhibiting comparable execution times.

4.4 Performance model parameters

Our model uses two theoretically derived machine parameters, αpeak and βpeak,
computed directly from hardware specifications (8.2 Tflops/s and 562 GB/s for
Sapphire Rapids; 5.3 Tflops/s and 762 GB/s for Ice Lake), and one empirically
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derived parallel penalty ε, which captures implementation-dependent solver inef-
ficiencies. We find ε = 1.2 for dense Cholesky and ε = 1.1 for multi-frontal QR,
consistent with Cholesky exposing less parallelism. Notably, ε is stable across
global volume sizes and platforms, so only a single offline measurement is needed.

4.5 Comparison against prior hybridized solvers

To demonstrate the importance of subproblem sizing, we compare against two
prior studies using rectilinear meshes for second-order accurate 2D Poisson prob-
lems [23, 21]. Since source code is unavailable, we use our model to predict
speedup over author-provided sizes, then validate by constructing and execut-
ing analogous problems. We also include an Intel Broadwell platform, as these
studies predate our hardware. For the 1.5e6-point problem from [23] (n2 = 36),
our model predicts up to 3× speedup on Sapphire Rapids using the optimal
subproblem size; our analogous implementation achieves up to 4.9×. For the
1.7e6-point problem from [21] (n2 = 53), our model predicts up to 30× speedup,
and our implementation achieves up to 31×. These results are shown in Fig. 5.

4.6 Performance against other sparse solvers

Finally, we compare our hybridized PDE solver against alternative non-
hybridized PDE solvers to demonstrate the effectiveness of hybridization as a per-
formance optimization strategy. We compare against both an iterative method,
CG, and a sparse direct method, multi-frontal QR. When comparing each solver,
we use the same method to solve the subproblems and the global problem in our
hybridized method to make the comparison as fair as possible.

Fig. 6 shows the speedup achieved by our parallel hybridized PDE solver
against IC(0) preconditioned CG (Fig. 6a) and multi-frontal QR (Fig. 6b) meth-
ods, for global volume sizes ranging from n̄2 = 1e6 to 3.2e7, on our two test
platforms. Against CG, our parallel hybridized PDE solver achieves speedup up
to 4.7× on the Sapphire Rapids platform, and up to 4.4× on the Ice Lake plat-
form, demonstrating significantly better performance. IC(0) preconditioning is

36 100 200 300

SPR

ICX

BWL

n2

P
la
tf
o
rm

Model on [23]

0.3×
1×
3×

S
p
ee
d
u
p

53 2e4 5e4

SPR

ICX

BWL

n2

P
la
tf
o
rm

Model on [21]

1×
10×
20×

S
p
ee
d
u
p

Fig. 5: Our performance model applied to the 1.5e6 problem from [23] and the 1.7e6
problem from [21]. We plot the predicted speedup over the performance of the respective
author’s chosen subproblem sizes. This is plotted for Intel Broadwell (BWL), Ice Lake
(ICX), and Sapphire Rapids (SPR) CPU platforms.
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a strong baseline for structured-grid Poisson problems, typically reducing itera-
tion counts by 3− 5× compared to diagonal preconditioning while maintaining
good parallel scalability. The fact that our hybridized solver outperforms this
well-tuned iterative method demonstrates the effectiveness of our method.

Against multi-frontal QR, our parallel algorithm achieves speedup ranging
from 4.3× to 12× on the Sapphire Rapids platform, and speedup ranging from
5.8× to 11× on the Ice Lake platform. Speedup over sparse direct decreases
with problem size, but for large problems direct methods hit a memory wall
and become impossible to factorize without large amounts of memory. This is
shown in Fig. 6b, where we see that multi-front QR runs out of memory during
factorization (256 GB) for n̄2 ≥ 8e6.

The ability of this method to scale up to larger problems beyond n̄2 ≥ 8e6
is unique to hybridized SBP-SAT, as the subproblem interiors remain as sparse
finite difference operators. Conventional HDG, with dense subproblem interiors,
hits a scaling limit as the dense problem requires a larger global problem that
becomes a majority of the cost at these scales.

5 Summary

This work presents the first analytical study of sparse interior hybridized meth-
ods (hybridized SBP-SAT). Unlike dense interior methods (e.g., HDG), sparse
interior methods preserve sparsity within subproblems, enabling scaling to larger
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Fig. 6: Speedup of our parallel hybridized PDE solver (Hyb.) against baseline (Bas.)
non-hybridized CG and sparse multi-frontal QR solvers (Intel MKL) on the Sapphire
Rapids and Ice Lake platforms using 64 and 104 cores, respectively. The sparse QR
solver ran out of memory at n̄2 ≥ 8e6 and could not be compared. Our optimally
configured hybridized solver is significantly faster than both competing methods, even
at large global volume sizes.
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problem sizes without prohibitive memory costs. Building on this, we develop a
performance optimization strategy and a novel task-parallel algorithm for multi-
core CPUs that eliminates bulk-synchronous barriers and overlaps subproblem
solves with trace assembly, achieving up to 9.1× speedup over a baseline hy-
bridized solver. We also develop a performance model that predicts the optimal
subproblem size, matching an oracle in 87.7% of cases with only 1.7% average
execution time overhead. Using this optimal size, our algorithm achieves up to
4.7× speedup over preconditioned CG and up to 12× over multi-frontal QR,
while requiring less memory. These results establish hybridized SBP-SAT as an
effective strategy for sparse PDE solvers, remaining practical where sparse di-
rect methods exhaust memory, and well-suited to high-order discretizations and
time-dependent simulations such as earthquake cycle modeling. Future work will
target GPUs, distributed-memory systems, and extensions to 3D and anisotropic
problems.
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