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Abstract

Sparse linear systems arise from physical simulations and
have structure that, in principle makes them efficient to
solve, but in practice this structure is difficult to exploit on
modern parallel hardware. Properties, such as sparsity,
that make these systems mathematically tractable do not
inherently make them computationally efficient. Modern
hardware depends on predictable memory access and bal-
anced parallel work, while sparse systems often involve
irregular data movement and uneven workloads. Sev-
eral methods confront the same underlying challenge of
structuring irregular sparsity in a manner that can be ef-
ficiently computed. Such methods reorder, eliminate, or
approximate elements of sparse systems to better align
with the behavior of hardware. In this review, we detail
how these methods expose data locality, reuse, and paral-
lelism. We demonstrate why combining methods that ex-
ploit different sources of information is necessary for effi-
cient solution at scale and provide guidance for selecting
and composing approaches based on available structure
and computational constraints. This work is intended to
provide a clear introduction to the constraints of sparse
linear systems at scale.

1 Introduction

Solving sparse linear systems consumes 70-80% of run-
time in production scientific applications running on con-
temporary high-performance computing systems [41]]. On
the Frontier exascale supercomputer at Oak Ridge Na-
tional Laboratory, in applications including plasma accel-
erator design [32] and climate modeling for atmospheric
simulation [63]], the linear solver accounts for similarly
large portions of computational time. In simulations of
Earth’s subsurface, this can vary from 40-95% [74]. This
bottleneck persists despite exponential growth in com-
putational throughput because sparse operations are typ-
ically constrained by memory performance rather than
arithmetic throughput.

Data movement now costs orders of magnitude more
energy than arithmetic on contemporary devices [39].
These memory performance constraints mean that sparse

operations achieve only 1-5% of peak arithmetic through-
put on GPUs, largely because irregular memory ac-
cess patterns prevent effective bandwidth utilization [6}
73]. For example, an Nvidia A100 GPU delivers 19.5
TFLOPS FP64 peak performance but achieves only 150-
250 GFLOPS on sparse matrix operations [5]. As problem
sizes grow from millions to billions of unknowns and re-
quire distribution across thousands of compute nodes, per-
formance depends on minimizing data movement through
a hierarchy of progressively slower memory.

Sparse operations are typically memory bandwidth-
bound, achieving performance that is limited by the slow-
est level of the memory hierarchy that the algorithm must
access. Cache provides TB/s bandwidth but holds only
MB; main memory provides hundreds of GB/s but is lim-
ited to tens or hundreds of GB; memory on remote nodes
on provides tens of GB/s to essentially unlimited capac-
ity. To effectively utilize this structure we consider two
algorithmic properties:

* Memory footprint. Faster memory often has less
capacity, thus reducing memory requirements im-
proves performance. The amount of data an algo-
rithm must keep accessible during execution (i.e., its
memory footprint) determines which level of the hi-
erarchy it uses. A memory footprint that fits in cache
can be quickly accessed, one that spills to main mem-
ory less so, and one that exceeds the capacity of the
device cannot be processed locally at all. For sparse
problems, the size of one’s memory footprint is in-
fluenced by the problem formulation, preprocessing,
and different choices can change memory require-
ments by orders of magnitude.

¢ Communication pattern. When data access be-
comes expensive and slow, access it less often by
reducing synchronization frequency. Distributed
solvers must periodically exchange data across the
network. For example, global operations like in-
ner products require coordination across all devices.
Similarly, boundary exchanges transfer data between
neighboring subdomains. Reducing how often the
algorithm must communicate is the primary lever for
improving distributed performance.



PDE discretizations create matrices with structural prop-
erties absent in arbitrary sparse systems. Each row con-
tains only a few nonzeros corresponding to geometric
neighbors on the mesh; a second-order finite difference
method in 3D results in 7 nonzeros per row, and finite el-
ement methods produce 7-27 depending on element char-
acteristics. This sparsity reflects the locality of differential
operators and low-dimensional spatial embeddings.

Algorithms can exploit this structure to close the gap
between sparse and dense performance. Dense linear
algebra routinely achieves 60-80% of peak hardware
throughput, while sparse operations on arbitrary matrices
achieve 1-5%. The difference is not inevitable for PDE-
derived systems: their structure enables complexity im-
provements impossible for arbitrary sparse matrices.

Building faster hardware does not automatically en-
able larger simulations. Exascale machines draw 20+
megawatts, and sparse solvers consume most of that
power. Hardware capability does not translate to compute
capability without algorithms that exploit problem struc-
ture. The question is not whether faster hardware can be
built, but whether algorithms can be designed to use it.

Production applications at exascale face both memory
and communication constraints simultaneously. Reduc-
ing memory footprint enables distribution but leaves it-
eration count unchanged; reducing iteration count accel-
erates convergence but does not shrink memory require-
ments. Because no single method addresses both, pro-
duction codes compose multiple approaches: domain de-
composition distributes memory, reordering reduces per-
subdomain footprint, and multigrid accelerates conver-
gence [9].

This work examines how structural properties of PDE-
derived systems can be exploited to address memory and
communication constraints at billion-unknown scales. We
emphasize demonstrated performance on contemporary
hardware and the compositional strategies used in produc-
tion codes.

2 The Memory Hierarchy

Contemporary computing systems organize memory into
a hierarchy of progressively larger but slower storage,
as shown in Table m At one extreme, L1 cache pro-
vides nanosecond-scale access to kilobytes of data at TB/s
bandwidth. At the other, network-attached memory on
remote nodes provides effectively unlimited capacity but
at microsecond latencies and tens of GB/s bandwidth per
link. Each level of this hierarchy differs from its neigh-
bors by roughly an order of magnitude in both capacity
and access speed. The consequence is that algorithm per-
formance depends critically on which level of the hierar-
chy dominates data access. An algorithm data fits entirely

in L3 cache operates at TB/s bandwidth; one that spills
to DRAM operates at hundreds of GB/s; one that requires
network communication operates at tens of GB/s with mi-
crosecond latencies between accesses.

2.1 The Roofline Model

Sparse matrix operations from PDE discretizations are
more often memory-bound rather than compute-bound be-
cause sparse operations perform very few floating-point
operations per byte accessed from memory. A task is
memory-bound when its performance is limited by how
fast data can be moved from memory to the processor,
not by how fast the processor can perform arithmetic.
For example sparse matrix-vector multiplication (SpMV)
is memory-bound because it reads approximately 12-16
bytes per nonzero (8 bytes for the matrix value plus 4-8
bytes for indices) while performing only 2 floating-point
operations (one multiply, one add), yielding an arithmetic
intensity of approximately 0.125-0.17 flops/byte.

Low arithmetic intensity imposes a performance ceiling
determined by memory bandwidth rather than compute
capability. For any processor with memory bandwidth 3
and peak arithmetic throughput ., achievable perfor-
mance on operations with arithmetic intensity / satisfies

P < min(Ppeak, 5 - I) €))
[73]. When I is low, the bandwidth term S - I de-
termines the ceiling regardless of arithmetic capability,
this is commonly called the Roofline model. Sparse
matrix-vector multiplication on the Nvidia A100 GPU
with 1.6 TB/s HBM bandwidth and I ~ 0.125 flops/byte
achieves at most 200 GFLOPS, approximately 1% of the
19.5 TFLOPS arithmetic peak. In contrast, dense ma-
trix multiplication achieves arithmetic intensity of 10-100
flops/byte through data reuse, routinely reaching 60-80%
of peak throughput.

2.2 Memory Footprint

Each level of the memory hierarchy imposes a capacity
limit, and an algorithm that requires more data than fits at
one level must access the next level down. An algorithm
whose data fits entirely in cache operates at TB/s band-
width; one that spills to DRAM operates at hundreds of
GB/s, a 3-10x slowdown; one that exceeds device mem-
ory cannot execute locally at all. The memory footprint of
a sparse solver is the amount of data that must be simulta-
neously accessible during execution, including the matrix,
solution and right-hand side vectors, and any auxiliary
data structures the algorithm requires. Storing a sparse
matrix requires approximately 12-16 bytes per nonzero
(value, indices), so a billion-unknown system with 10



Table 1: Memory and communication hierarchy for contemporary high-performance computing systems with archi-
tectural diagram showing node organization. Latencies in nanoseconds enable direct comparison across five orders of
magnitude. Bandwidth specifications bidirectional. CPU specifications per dual-socket node; GPU specifications per
device. Network specifications from [47]]; GPU specifications from [50,(64].

Read Latency (ns)  Write Latency (ns) Bandwidth Capacity Network

Network (InfiniBand HDR)
Point-to-point 1,000-2,000 1,000-2,000 25 GB/s — e
Collective (100K cores) 100,000-200,000 100,000-200,000 — — i Host :

|

Host Memory (Dual-Socket) } DRAM :
DDR5 DRAM 80-100 15-30* 200-300 GB/s 512GB | < :
L3 cache (per socket) 10-20 10-20 >1 TB/s 384-768 MB : |
|
Host-Device (PCle x16) : 8 :
PCle 4.0 10,000-20,000 5,000-10,0007 64 GB/s — P& | L3cache |
PCIe 5.0 10,000-20,000 5,000-10,000" 128 GB/s — : l }
GPU Memory } :
HBM2e (A100, MI250X) 5-10 1.6-3.2 TB/s 80-128 GB ! GPU }
HBM3 (H100, MI300X) 5-10 3.4-5.3 TB/s 80-192 GB : I
|

*Posted writes; actual DRAM cycle time 80-100 ns.

nonzeros per row requires roughly 120-160 GB for the
matrix alone, near the capacity GPU memory.

Algorithms that construct additional data structures
during execution increase footprint beyond the input size.
LU factorization creates new nonzeros (fill-in) at positions
that were zero in the original matrix, and for 3D problems
these factors can require 100-1000x more storage than
the input. A matrix that fits comfortably in device mem-
ory may produce factors that exceed cluster memory. The
rate of a matrix’s fill-in growth depends on ordering, but
even optimal orderings produce superlinear growth for 3D
problems.

2.3 Communication Costs

Network calls sits at the bottom of the memory hierarchy
with effectively unlimited capacity but 50-100x lower
bandwidth than local memory and 1000 x higher latency,
so when a problem must be distributed across nodes, ev-
ery access to non-local data pays these costs.

Network latency creates a floor on communication time
that is independent of message size, because sending any
message, even a single byte, requires 1-10 microseconds
on current interconnects. An algorithm that requires k se-
quential message exchanges takes at least £ microseconds
regardless of bandwidth or message content. Global oper-
ations involving all p processors require O(log p) sequen-
tial rounds, so at 100,000 processors this means at least
17 round trips totaling 100-200 microseconds minimum.
If an algorithm performs such operations repeatedly, la-
tency accumulates and 1000 global operations cost 100-
200 milliseconds in latency alone.

TPosted writes; round-trip reads.

2.3.1 Limits of Distributed Communication

Network bandwidth limits the volume of data that can be
transferred per unit time, with current interconnects pro-
viding 10-25 GB/s per link compared to 200-400 GB/s for
DRAM and 1.6-3.2 TB/s for GPU HBM. Moving 1 GB
across the network takes 40-100 milliseconds while mov-
ing the same data from local HBM takes under 1 millisec-
ond. Large data transfers are bandwidth-limited and small
frequent transfers are latency-limited, and most sparse al-
gorithms fall in the latency-limited regime because the
data exchanged per operation is small but operations are
frequent.

These physical limits bound what any distributed algo-
rithm can achieve. An algorithm requiring k synchroniza-
tion points across p processors takes at least O(klogp)
microseconds, and an algorithm exchanging V' bytes with
neighbors takes at least /3 seconds where (3 is link band-
width.

The ratio of local computation time to communica-
tion time determines whether distributing the problem can
improve performance. When local work between net-
work calls is large, communication costs are amortized,
but when local work is small, communication dominates.
Increasing processor count while holding problem size
fixed (i.e., strong scaling) eventually reaches a regime
where communication time exceeds computation time,
and adding processors provides no benefit.

2.4 KEY INSIGHT

Sparse matrix performance is determined by
memory throughput, not arithmetic throughput.



Reducing footprint keeps data in faster memory;
reducing distributed communication avoids ex-
pensive network calls. Both strategies improve
performance despite being constrained by hard-
ware.

3 PDEs and Matrix Structure

Discretizing partial differential equations on computa-
tional meshes produces sparse linear systems Az = b
where A € R™™" is the system matrix, z € R" is the
unknown solution vector, and b € R™ is the right-hand
side. The matrix A encodes the discrete differential oper-
ator and mesh connectivity. Solving for  given A and b
is the computational task that dominates runtime in PDE-
based applications.

For PDE-derived systems, A is sparse with nnz(A) =
O(n) to O(n*?) nonzero entries depending on spatial
dimension and discretization order. This contrasts with
dense matrices where nnz(A) = n?. The sparsity reflects
locality in the differential operator, where each unknown
couples primarily to geometric neighbors on the mesh.

3.1 Numerical Discretizations

PDE problems are solved numerically by replacing the
continuous unknown function with a finite set of values.
For example, solving the heat equation on a metal plate
might model a continuous field, but the discretization of
this problem utilizes an approximation with a discrete
number of grid points. The now discretized problem is
typically represented as a linear system Ax = b where x
contains the unknown temperatures, b encodes boundary
conditions and sources, and A encodes how neighboring
temperatures influence each other according to the differ-
ential operator.

Different discretization methods produce matrices with
different structural properties. Finite difference meth-
ods approximate derivatives using differences of values at
neighboring grid points, producing matrices with 7 nonze-
ros per row for 3D problems and regular structure im-
posed by a grid. Finite element methods approximate
solutions as linear combinations of basis functions de-
fined on mesh elements, producing nonzeros with spar-
sity patterns encoding mesh topology. Discontinuous
Galerkin methods use basis functions entirely within sin-
gle elements, producing matrices with dense element-
local blocks and sparse inter-element coupling.

3.2 Structural Properties of Sparse Matri-
ces

Sparse matrices from PDE discretizations possess struc-
tural properties that allow a variety of algorithms to
achieve better complexity than methods for general sparse
matrices. Social network graphs and web hyperlink ma-
trices are also sparse, but they lack the properties that
make PDE-derived systems tractable [27]]. The key dis-
tinction is that PDE unknowns correspond to locations in
low-dimensional physical space, yielding matrix graphs
with geometric embeddings and bounded-degree struc-
ture. Figure [1]illustrates three categories of structural in-
formation that appear reliably in PDE-derived matrices,
each enabling specific algorithmic improvements.

3.2.1 Patterned Sparsity

PDE often describe low-dimensional physical space, and
this spatial embedding constrains the matrix sparsity pat-
tern in ways that arbitrary sparse matrices do not share.
The graph

G(A)=(V.E) 2

has vertices representing unknowns and edges connect-
ing coupled unknowns, and for PDE-derived matrices this
graph inherits its structure from the computational mesh.
Edges connect nearby spatial locations because differ-
ential operators couple each point to nearby geometric
neighbors. This geometric embedding guarantees the ex-
istence of small vertex separators, which are vertex sub-
sets whose removal disconnects the graph into indepen-
dent components. The planar separator theorem estab-
lishes that graphs from 2D discretizations admit separa-
tors of size O(4/n), while 3D problems have separators of
size O(n?/3) [43]]. These bounds are consequences of the
low-dimensional embedding, since a surface of dimension
d—1 can separate a d-dimensional region and PDE meshes
inherit this property.

3.2.2 Block Structure

Finite element discretizations assemble matrices from
element-by-element contributions, and this assembly pro-
cess creates block structure reflecting the connectivity of
the mesh of elements. Each element contributes a dense
local matrix coupling all degrees of freedom within that
element, and the global matrix is the sum of these contri-
butions. Certain discretizations produce particularly clean
block structures. For example, discontinuous Galerkin
methods have interior degrees of freedom with no direct
connection to unknowns in other elements [23]]. These in-
terior unknowns appear as dense diagonal blocks in the
global matrix, coupled to other elements only through the
sparse inter-element terms arising from numerical fluxes



Patterned sparsity
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Figure 1: Illustrations of three forms of structure in PDE-derived sparse matrices. Left: patterned sparsity emerging
from spatial locality. Center: block structure shows dense diagonal blocks. Right: Connection strength shows varying
entry magnitudes, with darker shading indicating great magnitude.

(i.e., coupling interfaces) on element boundaries. The
block structure is a consequence of the discretization, not
an algorithmic choice.

3.2.3 Connection Strength

The matrix entries themselves encode coupling intensities
that reflect physical properties of the underlying PDE, not
just the sparsity pattern. The magnitude of an entry a;;
indicates how strongly unknown ¢ influences unknown 7,
and this strength varies across the matrix depending on
PDE coefficients and mesh geometry. Anisotropic prob-
lems produce matrices with directionally varying connec-
tion strengths. Variable-coefficient problems produce spa-
tially varying strengths, with regions of high diffusivity
having stronger local coupling than regions of low dif-
fusivity. Stretched meshes produce similar effects, with
smaller mesh spacing yielding stronger coupling in the
refined direction. Diagonal dominance, where |a;;| >
> j»ilaij|, indicates that self-coupling exceeds interac-
tion coupling and arises naturally in many elliptic dis-
cretizations. This pattern of strong and weak connections
is determined by the physical properties of the problem.

3.3 KEY INSIGHT

PDE-derived matrices inherit structure from dis-
cretization, such as patterned sparsity, block
structure, and predictable connection strengths.
These properties enable algorithms to achieve bet-
ter complexity than methods for unstructure spar-
sity.

4 Reducing Memory Footprint

Factorizing a naturally ordered matrix produces O(n?)
new nonzeros at positions that were zero in the origi-
nal matrix; the introduction of new matrix entries during

factorization is called fill-in. The growth of such fill-in
will easily exceed the capacity of modern GPU accelera-
tors. For problems with billions of unknowns, this rate of
growth yields petabytes of fill-in data.

Problems can be reordered to reduce fill-in, but mini-
mizing this problem is known to be NP-complete for ar-
bitrary sparse matrices [76]]; no such polynomial-time al-
gorithm guarantees even a near-optimal solution. PDE-
derived sparse matrices circumvent this constraint through
a variety of patterned structure including, minimal geo-
metric separators, discontinuous block structure, and al-
gebraic sparsity patterns. These three structural proper-
ties have provable spatial complexity bounds under O(n?)
[36,43], improving upon storage constraints and easing
bandwidth demands. The methods that exploit each type
of structure address specific constraints while also creat-
ing new bottlenecks, but no method addresses every con-
straint [33]].

4.1 Reordering Methods

Factorization with natural ordering produces O(n?) fill-
in, new nonzeros created at positions that were zero in
the original matrix. This scaling makes direct factor-
ization infeasible at modest problem sizes, with factor
storage exceeding GPU memory capacity beyond roughly
one million unknowns and requiring petabytes for billion-
unknown problems.

4.1.1 Fill-in

Eliminating a variable during factorization modifies the
sparsity pattern of the remaining system. This process can
be understood through the matrix graph, where vertices
represent variables and edges connect variables that share
a nonzero entry. Eliminating variable £ removes it from
the graph and adds edges between all pairs of its neigh-
bors; these new edges are fill-in. If the graph has two dis-
connected components, eliminating variables in one com-



Table 2: Fill-reducing ordering algorithms. Bold entries have production implementations. Results show proven
bounds where available, otherwise empirical findings.

Method Year Approach Contribution Note Parallel

Minimum Degree [65]] 1967 Local greedy Eliminate lowest-degree Superseded by AMD No
vertex first

RCM [26] 1969 Local greedy BFS from peripheral node, Minimizes bandwidth, not No
reversed fill

Nested Dissection [35] 1973  Separator Recursive bisection via small O(nl's) factorization (2D) MPI
separators

AMD [2] 1996 Local greedy Cheap bounds avoid exact 5-10x faster than MD, No
degree computation similar fill

METIS [40] 1998  Multilevel Coarsen-partition-refine Fill within 1.1-1.3x Both

optimal

Hypergraph [19] 2011  Multilevel Models separators as Avoids explicit AT A Threaded
hyperedge cuts formation

spaND [18] 2020  Separator Compresses dense separator O(n) factorization (elliptic) ~MPI
interactions

Reduction + ND [51]] 2021  Multilevel Graph simplification before 6x faster than METIS, less  Threaded
nested dissection fill

Fast MD [25]] 2021 Local greedy Improved complexity via O(nm) ordering time No
amortized analysis

RL-GNN [34]] 2021 Learned Neural network predicts Fill within 5% of METIS No
elimination ordering

ParAMD [20] 2025 Local greedy Parallel via independent 4-8x speedup over Threaded
vertex sets sequential AMD

Parth [[78]] 2025 Reuse Reuses ordering when Up to 14 x ordering No
sparsity changes locally speedup

ponent cannot create fill-in in the other because there are
no paths between them.

4.1.2 Separators & Nested Dissection

A separator is a set of vertices whose removal disconnects
the graph into independent components. Figure [2] illus-
trates this with the center panel shows a graph partitioned
into components Vj and V; separated by .S, and the right
panel shows the reordered matrix with Vj and V; form-
ing independent diagonal blocks while S appears last. If
we order variables so that both components are eliminated
before the separator, fill-in is confined within each compo-
nent and cannot propagate between them. Nested dissec-
tion [35]] applies this idea recursively by find a small sep-
arator that bisects the graph, recursively order each com-
ponent, then order the separator last. For a 2D mesh, each
level of recursion bisects the domain along a curve con-
taining O(+/n) mesh points, and the total fill-in across all
levels sums to O(n log n) rather than O(n?).

Finding the ordering that minimizes fill-in is NP-
complete for general sparse matrices [76]. PDE-derived
matrices avoid this hardness because their graphs arise
from low-dimensional geometric embeddings that guar-
antee small separators. The planar separator theorem

[43]] establishes that 2D meshes admit separators of size
O(y/n); 3D meshes admit separators of size O(n?/3).
Bisecting an n'/% x n'/3 x n!/3 cube requires cutting
through O(n?/3) mesh points regardless of cut orienta-
tion and eliminating a separator of size |\S| creates at least
|S|? fill-in. This occurs because elimination forms a dense
clique among all separator variables that were previously
connected only through the eliminated subgraph. No ad-
ditional reordering can improve on the scaling imposed by
separator geometry. METIS [40] computes near-optimal
orderings through multilevel graph coarsening and refine-
ment, achieving fill-in within 30% of theoretical optimum
in O(n) time. Table [2| compares METIS with other or-
dering algorithms by approach. Recent work extends
separator-based ordering to new settings. Graph reduction
techniques [51]] accelerate separator discovery by shrink-
ing graphs 50-90% through preprocessing rules that prov-
ably preserve ordering quality. Parth [[78]] maintains sep-
arator trees incrementally as mesh topology evolves, re-
computing only affected subtrees. Machine learning ap-
proaches [34] learn separator selection heuristics from
families of related meshes, amortizing training cost across
repeated solves.
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Figure 2: Nested dissection reordering of a sparse matrix. Left: original matrix with tridiagonal-like sparsity pattern.
Center: corresponding graph partitioned into subsets. Right: reordered matrix with rows and columns permuted,

revealing block structure.

4.1.3 Practical Memory Savings

The improvement from O(n?) to O(n*/?) fill-in typically
yields 10-20x storage reduction for 3D problems. Mixed
precision factorization in FP32 with iterative refinement
provides an additional 2x reduction [3]]. Together, re-
ordering and mixed precision extend the feasible problem
size for single-device direct solvers to roughly 50 million
unknowns.

Beyond this threshold, factor storage exceeds single-
device memory regardless of ordering. Reordering ex-
ploits the sparsity pattern to minimize fill-in but cannot
change the pattern itself. The O(n*/3) bound for 3D
problems is imposed by separator geometry, not algo-
rithm quality, and represents a fundamental limit of this
approach.

4.2 Static Condensation

Several discretizations produce matrices where interior
degrees of freedom couple only within single elements
[23,/52]. This structure conforms with the form

al =[]

The resulting local coupling matrix Ay is block-diagonal
with one block per element; inverting any block requires
no information from other blocks. Block Gaussian elim-
ination exploits this independence to eliminate interior
variables cheaply, reducing the global system to bound-
ary unknowns [37]. This technique, static condensation
in the finite element literature (Guyan reduction in struc-
tural dynamics) has been applied since the 1960s to reduce
problem size before solution [24]).

{AII 3)

Ary

4.2.1 Forming the Schur Complement

To factorize we proceed by partitioning unknowns into in-
terior z; and boundary zr. Computing

vy = Ajj (br — Arrar) 4)
from the first block row and substituting into the second
yields the Schur complement system Sxr = g where

S =Arr — AFIA]_]lAIF~ )
Because Aj; is block-diagonal (Figure [3), forming
A;II requires only independent dense factorizations of
element-sized blocks, costing O(n?) per element for ele-
ment dimension n.. These local operations involve dense
linear algebra on small matrices, achieving arithmetic in-
tensity far exceeding sparse operations; batched dense
kernels achieve 5-8 TFLOPS on Nvidia A100 GPUs [1]],
so formation cost is small relative to solving the con-
densed system. After solving for xr, back-substitution re-
covers interior values through independent element-local
solves.

4.2.2 Memory and Performance Implications

The Schur complement system is significantly smaller
than the original because boundaries between elements
are lower-dimensional than the element interiors. In 3D,
boundaries are surfaces and interiors are volumes; con-
sequently, boundary unknowns grow as O(n?/3) while
total unknowns grow as O(n). The original system re-
quires O(n) storage, but the Schur complement requires
O(n?/3) storage. Higher polynomial degree improve this
reduction because interior unknowns per element scale as
p> while boundary unknowns per face scale as p?; in prac-
tice, reductions range from 8x atp = 3to 15x atp =5
[49]. For problems approaching single-device memory
limits, this reduction determines whether the problem fits
locally or requires distribution.
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Figure 3: Static condensation using element-wise block
structure. Top: nine elements coupled through twelve in-
terfaces. Bottom: the resulting matrix has block-diagonal
interior-interior coupling Aj; (top-left quadrant), with
off-diagonal blocks A and Ar; coupling interiors to in-
terfaces.

Recent work has demonstrated that grouping elements
into macro-elements enables tuning local problem size
to hardware capacity [8[]. Unlike standard HDG where
element matrices are small enough for dense factoriza-
tion, macro-element interiors require sparse solves, but
the global interface system shrinks proportionally. This
trade-off proves favorable: as increasing local problem
size through mesh refinement within macro-elements si-
multaneously reduces global degrees of freedom and iter-
ation counts. The global solve operates matrix-free, and
local solves are embarrassingly parallel.

4.3 Incomplete Factorization

Structural methods reduce memory requirements but do
not eliminate the superlinear storage growth of direct fac-
torization. For problems where even reordered factors ex-
ceed available memory, iterative methods become neces-
sary. Iterative methods require O(nnz(A)) storage, but
without preconditioning they converge in O(h~!) itera-
tions for elliptic problems, yielding thousands of itera-
tions on fine meshes [56]]. Preconditioning reduces iter-
ation counts to tens or hundreds.

Incomplete LU factorization computes approximate
factors L and U by discarding entries during Gaussian
elimination [46]]. The simplest variant restricts factors

to the original sparsity pattern, adding storage equal to
nnz(A). Threshold-based variants allow controlled fill,
with typical parameters yielding factors with 5-20x orig-
inal matrix nonzeros [54]. Table ?? summarizes variants
from classical sequential methods to recent parallel algo-
rithms designed for GPU construction.

4.3.1 In Elliptic Systems

For elliptic problems, incomplete factorization presents a
favorable memory-iteration tradeoff. Minimal additional
storage often reduces iteration counts from thousands to
hundreds; allowing modest fill further reduces iterations
to tens [56]]. This tradeoff arises because elliptic dis-
cretizations produce diagonally dominant matrices where
discarded fill-in contributes little to preconditioner effec-
tiveness [46]. The memory cost of 5-20x original matrix
storage compares favorably to exact factorization, which
requires 100—1000x for 3D problems.

This tradeoff relies on diagonal dominance that not all
PDE discretizations possess. Constrained systems have
zero diagonal entries in constraint rows, and wave opera-
tors produce indefinite matrices where approximation er-
ror is amplified rather than damped [10,[30]. For these
problem classes, incomplete factors provide poor precon-
ditioners regardless of fill level, and the memory invested
in denser factors yields no corresponding reduction in it-
eration count.

4.4 KEY INSIGHT

These methods reduce the memory footprint by
exploiting structural properties of PDE-derived
matrices, and the bounds they reach are imposed
by that structure. Reordering methods limit fill-
in propagation during factorization; static exploits
block structure to reduce the size of the sys-
tem; incomplete factorization trades exactness for
bounded storage. Such algorithms yield smaller
memory footprints, keeping data closer to com-
pute units, in cache rather than DRAM, and on-
device rather than distributed across a network.

5 Reducing Distributed Communi-
cation

Distributing a problem across multiple processors re-
quires coordination. Processors must exchange data to
handle unknowns that couple across partition boundaries,
and they must synchronize to compute global quantities
like inner products and norms. Iterative solvers pay these
coordination costs every iteration, so methods requiring



Table 3: Incomplete factorization methods. Storage column reports factored nonzeros relative to nnz(A).

Method Year Storage Contribution Parallel

ILU(0) [46] 1977 1x Original pattern only; no tuning No

ILU(k) [56] 1980s 2-5x Level-of-fill controls density No

ILUT [54] 1994 5-20x Dual threshold (7, p) No

ILUM [55] 1996 5-15x Multilevel via independent sets No

ARMS [57] 2002 10-30x Recursive Schur complements Distributed (MPI)
ParILU [22] 2015  1x Fixed-point iteration for factors Async. (GPU)
ParILUT [4] 2018 5-20x Parallel pattern adaptation Async. (GPU)
BILU [13]] 2020 5-20x Block detection; BLAS kernels Dense blocks

(threaded)

1000 iterations pay 1000 times. Reducing communica-
tion volume and frequency is essential for distributed per-
formance.

PDE-derived systems possess two structural properties
that enable such reduction. Spatial locality confines cou-
pling to geometric neighbors, so partitioning by region
yields thin interfaces rather than dense inter-processor
coupling. Smooth error structure allows coarse grids to
represent fine-grid errors accurately, so hierarchical cor-
rection reduces iteration counts from thousands to tens.
Domain decomposition exploits spatial locality to reduce
bytes transferred; multigrid exploits smooth error to re-
duce synchronization frequency.

5.1 Communication Patterns

Distributed iterative methods exhibit three characteristic
communication patterns, each with different scaling be-
havior and optimization strategies.

* Neighbor exchange moves data between proces-
sors sharing partition boundaries. Each processor
sends and receives from a fixed number of geomet-
ric neighbors, typically 6-26 in three dimensions de-
pending on whether face, edge, and corner neighbors
participate. Message size scales with interface area
for 3D partitioning of n/p unknowns. Total network
traffic scales as O(p - (n/p)*/3) = O(n?/3p'/3),
growing sublinearly with processor count. For this
reason, this pattern ends up bandwidth limited.

* Global reductions compute scalar quantities requir-
ing contributions from all processors. Inner prod-
ucts, norms, and convergence checks require collec-
tive operations that touch every processor regardless
of data size. Latency dominates: on 10° processors
connected by InfiniBand HDR or Slingshot-11 inter-
connects, each reduction requires 100-200 us even
for 8-byte payloads [29]. At 1000 iterations with

two reductions per iteration, synchronization latency
alone accumulates to 200-400 ms.

* Collective broadcasts distribute shared data from
one or few processors to many. Coarse-grid solu-
tions, global parameters, and convergence informa-
tion follow this pattern. Cost scales as O(log p) in
well-implemented trees but grows with the size of
data being broadcast.

The distinction matters for optimization. Neighbor ex-
change benefits from reducing interface size and message
count; global reductions benefit from reducing iteration
count; collective broadcasts benefit from reducing the data
being broadcast. Domain decomposition primarily ad-
dresses neighbor exchange, multigrid primarily addresses
global reductions, and their composition addresses both.

5.2 Domain Decomposition

Partitioning into non-overlapping subdomains

Q,...,9Q, 6)

that share only interface boundaries transforms the com-
munication pattern from global vector exchanges to lo-
cal interface exchanges [66]]. Ordering unknowns by
subdomain interiors followed by interfaces yields block
structure where diagonal blocks A;; represent indepen-
dent subdomain interiors. Eliminating interior variables
produces the Schur complement coupling only interface
unknowns. The Schur complement is never formed ex-
plicitly; applying S to a vector requires independent sub-
domain solves followed by interface assembly.

5.2.1 Communication Behavior

Subdomain solves of dimension n/p execute with no
communication, and interface assembly exchanges only
(n/p)?/? values with geometric neighbors. For subdo-
mains of 10° unknowns, interfaces contain approximately
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Figure 4: Left: Illustration of non-overlapping domain decomposition, partitioning the domain into subdomains
Q4,0p,Qc,Qp, each solved independently on separate processors. Eliminating interior unknowns produces the
Schur complement S coupling only interface unknowns (dashed lines). Right: Illustration of multigrid, with a hierar-
chy of progressively coarser grids. Restriction transfers residuals from fine to coarse grids; prolongation interpolates

corrections from coarse to fine.

10* degrees of freedom, requiring 80 KB of data transfer
per neighbor in double precision. At 25 GB/s interconnect
bandwidth, this transfer completes in 3 ps. A standard
iteration on the global system would exchange full vec-
tors of 10° values (8 MB) for each sparse matrix-vector
product, requiring 320 us at the same bandwidth. The
surface-to-volume ratio of three-dimensional domains,
where boundaries scale as (n/p)?/® while interiors scale
as n/p, reduces per-iteration communication time by two
orders of magnitude.

Larger subdomains yield better ratios of local compu-
tation to interface communication. Subdomain factoriza-
tion with nested dissection ordering requires O((n/p)*/?)
floating-point operations while interface exchange moves
8(n/p)?/® bytes. The resulting (n/p)?/® flops per byte
grows with subdomain size, eventually shifting the per-
formance bottleneck from network bandwidth to local
arithmetic throughput. Differential operators couple un-
knowns primarily to spatial neighbors, confining cross-
subdomain interaction to thin interface layers; this geo-
metric locality is the structural property that domain de-
composition exploits.

5.2.2 Two Level Methods

Without coarse correction, iteration counts grow as
O(p'/?) in three dimensions because interface informa-
tion propagates one subdomain diameter per iteration
[59]. Two-level methods add a coarse problem of dimen-
sion O(p) that propagates global information in a single
step. BDDC constructs coarse basis functions from sub-

domain corners, edges, and faces, achieving low condition
number, independent of processor count [28|]. FETI-DP
enforces continuity at selected interface points through a
dual formulation with similar bounds [31]]. Both methods
yield 10-20 iterations regardless of whether p = 10% or
p = 10°.

At extreme processor counts, the coarse problem of di-
mension O(p) becomes a bottleneck. With p = 10° sub-
domains and 30 coarse degrees of freedom per subdo-
main, the coarse system has dimension 3 X 108, requir-
ing either redundant solution across processor subgroups
or parallel sparse factorization. Three-level methods ap-
ply domain decomposition recursively to the coarse prob-
lem, reducing coarse dimension from O(p) to O(p*/3) at
the cost of additional communication levels [[68]]. Parallel
implementations of multilevel BDDC have demonstrated
scaling to over 200,000 cores by overlapping coarse and
fine computations in time [[7]].

Adaptive coarse spaces address problems where fixed
coarse spaces produce poor conditioning. For heteroge-
neous coefficients with jumps exceeding 109, standard
BDDC coarse spaces based on geometric constraints fail
to capture modes that propagate slowly across coeffi-
cient discontinuities. GenEO (Generalized Eigenvalues in
the Overlaps) constructs coarse basis functions by solv-
ing local generalized eigenvalue problems in each subdo-
main, selecting eigenvectors corresponding to eigenval-
ues below a user-specified threshold [60]. The resulting
coarse space adapts to coefficient heterogeneity, main-
taining bounded iterations where fixed coarse spaces re-
quire hundreds. The cost is additional setup time for local
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solves, typically 10-30% of total solution time for prob-
lems requiring many solves with the same operator.

5.3 Multigrid

Reducing communication volume does not reduce syn-
chronization frequency; each iteration still requires global
reductions for inner products, paying 200 us latency on
10° processors regardless of bytes transferred. Unprecon-
ditioned methods for elliptic problems require O (/&) it-
erations where condition number x = O(h~2) grows with
mesh refinement [56]. For mesh spacing h = 1073, con-
dition numbers reach 106, yielding approximately 103 it-
erations and 200 ms of accumulated synchronization la-
tency. Reducing iterations from 103 to 10 would cut syn-
chronization time from 200 ms to 2 ms, and multigrid
achieves exactly this reduction by exploiting a property
of iterative smoothers on elliptic problems.

Iterative methods (e.g., Jacobi) update each unknown
using a weighted average of its neighbors. This local aver-
aging rapidly damps oscillatory error, where neighboring
values have opposite signs, because averaging values of
opposite sign produces smaller magnitudes. However, the
same averaging barely affects smooth error, where neigh-
boring values are similar, because averaging similar val-
ues changes little. After a few smoothing iterations on
an elliptic problem, oscillatory components have been re-
duced by factors of 10-100 while smooth components re-
main nearly unchanged [[16]]. The remaining error varies
gradually across the domain, changing appreciably only
over distances of many mesh spacings.

This smooth residual error can be represented accu-
rately on a coarser grid with spacing 2h using fewer un-
knowns, because smooth functions are well-approximated
by their values at widely-spaced sample points. Correct-
ing error on the coarse grid and interpolating the correc-
tion back to the fine grid eliminates smooth modes that
fine-grid smoothing cannot efficiently reduce. Recursive
application produces a hierarchy of grids where work de-
creases geometrically with level.

5.3.1 V-cycles

A single pass through this hierarchy is called a V-cycle.
The V-cycle applies smoothing on the fine grid, restricts
the residual to the next coarser grid, recurses until reach-
ing the coarsest level, solves the coarsest problem di-
rectly, then interpolates corrections back through succes-
sively finer levels with additional smoothing at each. The
name reflects the shape traced by visiting grids from fine
to coarse and back. For elliptic problems, each V-cycle
reduces error by a factor p 0.1-0.2 independent of
problem size, yielding 10~ 1° relative residual in 10-15 V-
cycles [[16].
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5.3.2 Geometric vs Algebraic

Geometric multigrid (GMG) constructs this hierarchy di-
rectly from mesh geometry, defining restriction and inter-
polation operators through known spatial relationships be-
tween grid levels. For elliptic problems on regular grids,
GMG achieves the convergence factors above, reducing it-
erations from 1000 to 15 and cutting synchronization time
from 200 ms to 3 ms on 10° processors. GMG requires
explicit mesh hierarchies that adaptive mesh refinement
codes and unstructured discretizations often do not main-
tain.

Algebraic multigrid (AMG) constructs the hierarchy
from matrix entries alone, enabling multigrid convergence
rates without geometric information [53]]. Strong con-
nections, defined by |a;;| > 6 maxj; |a| for thresh-
old & = 0.25-0.5, identify variable pairs whose values
are tightly coupled. Coarsening algorithms select coarse
variables ensuring every fine variable has at least one
strongly connected coarse neighbor for accurate interpo-
lation. Coarsening by factor 4-8 per level produces hierar-
chies of 4-5 levels with total storage 1.3-1.5 times the fine-
grid matrix [61]. AMG recovers the O(1) iteration counts
of geometric multigrid by inferring from matrix entries
the smooth error structure that GMG exploits through ex-
plicit geometry.

5.3.3 Communication Behavior

The V-cycle communication pattern favors fine levels
where data is distributed and local, with progressively less
data moved on coarser levels as grids shrink by factors of
4-8. Fine-grid smoothing and residual computation re-
quire only neighbor communication for halo exchange,
similar to domain decomposition interface exchange. The
coarsest level requires global communication but operates
on fewer than 10% unknowns after 4-5 levels of coarsen-
ing from 10° fine-grid unknowns. Since O(1) V-cycles
suffice for convergence, total communication volume is
dominated by fine-level operations executed 10-20 times
rather than 1000 times.

Parallel scalability of AMG is limited by coarse-level
communication, where the Galerkin triple product P AP
creates increasingly dense matrices as the hierarchy is
formed. Stencil sizes that start at 7-27 nonzeros per row
on the fine grid can grow to thousands on coarse levels,
generating high communication volume for coarse-level
sparse matrix-vector products. Table ] summarizes de-
velopments since 2014 addressing this bottleneck through
three complementary directions: algorithmic restructur-
ing to reduce message count and size, hardware-aware
implementations to reduce the cost of each message, and
machine learning to automate parameter selection and
operator construction. AMG has attracted substantially
more research activity than domain decomposition in re-



Table 4: Algebraic multigrid variants and developments. Bold entries have production implementations.

Method Year  Category Contribution Result

Classical AMG [53] 1987  Coarsening Identifies strongly connected variables for Foundation for all AMG variants
coarsening

Smoothed Aggregation [69] 1996  Interpolation Groups variables into aggregates, smooths Handles elasticity and higher-order
interpolation PDEs

AMGe [14] 2000 Interpolation Uses element stiffness matrices for Better accuracy for finite element
interpolation problems

Energy Minimization [71] 2000 Interpolation Computes interpolation by minimizing Provably optimal interpolation
energy functional weights

aSA [|15] 2004  Adaptive Automatically discovers smooth error modes  Self-tuning without user input

Additive AMG [70] 2014  Cycle Applies all multigrid levels simultaneously More parallelism, fewer

synchronization points
AmgX [48] 2015 GPU Complete AMG implementation for GPUs Production solver in NVIDIA
ecosystem

Sparsification [11] 2016  Communication  Drops small entries from coarse-grid Up to 50% communication
operators reduction

Node-aware [12] 2020  Communication  Routes messages through faster intra-node 2-4x speedup at scale
paths first

Neural Smoothers [21]] 2020 ML Neural network learns effective smoothing 1.5-4x faster convergence
operator

Mixed-precision [45] 2021  Precision Uses lower precision on coarse levels 1.5-2x speedup

RL Coarsening [62] 2021 ML Reinforcement learning selects coarse Generalizes to larger problems,
variables linear cost

Three-precision [67] 2023  Precision Assigns precision (16/32/64-bit) per Works across AMD, Intel, NVIDIA
multigrid level GPUs

AmgT [44] 2024 GPU Exploits GPU tensor cores for sparse 1.3-2x over cuSPARSE
operations

ML Coarse Operators [38] 2024 ML Learns sparser coarse-grid operators Lower memory and compute cost

CRAMG [77] 2025 Communication  Combines grid transfer and residual 35% fewer messages, 45% less data

computation

cent years; the modularity of its components (coarsen-
ing, interpolation, smoothing, cycling) creates natural in-
terfaces for algorithmic innovation, while its purely alge-
braic formulation makes it amenable to machine learning
approaches that would require geometric information in
domain decomposition contexts.

5.3.4 Modern AMG Methods

Algorithmic restructuring attacks communication at the
protocol level.  Sparsification systematically removes
small entries from coarse-grid matrices after hierarchy
construction, dropping entries that contribute little to con-
vergence and reducing communication volume by up to
50% while maintaining convergence rates [11]. Addi-
tive variants replace the sequential V-cycle with parallel
application of all levels simultaneously, eliminating the
fine-to-coarse-to-fine synchronization pattern [[70]]. Node-
aware communication restructures message routing to ag-
gregate intra-node transfers before inter-node sends, ex-
ploiting the order-of-magnitude difference between on-
node bandwidth (hundreds of GB/s) and network band-
width (tens of GB/s) to achieve 2-4x speedup at scale
[12]. CRAMG fuses interpolation and residual compu-
tations into combined operations, reducing the number of
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halo exchanges per V-cycle level from four to two and
achieving 35% fewer messages with 45% less data trans-
ferred [77]]. These techniques compose: node-aware rout-
ing reduces inter-node messages, sparsification reduces
bytes per message, and fused operations reduce message
count.

Hardware-aware implementations reduce the cost of
each byte transferred. Mixed-precision AMG stores
coarse-level matrices and vectors in single or half preci-
sion, halving both memory footprint and bytes communi-
cated; convergence analysis establishes that coarse-grid
corrections tolerate lower precision because they need
not be computed exactly [45]. Three-precision imple-
mentations assign 64-bit, 32-bit, and 16-bit formats to
successive hierarchy levels, with production implemen-
tations available across AMD, Intel, and NVIDIA GPUs
[67]. AmgX provides a complete GPU-accelerated AMG
implementation integrated into NVIDIA’s solver ecosys-
tem [48]], while AmgT reformulates sparse operations
as blocked matrix-matrix products suitable for Tensor
Cores, achieving 1.3-2x speedup over standard sparse
kernels [44]. The combination of reduced precision and
accelerator-optimized kernels addresses both bandwidth
(fewer bytes) and latency (faster processing).

Machine learning approaches automate decisions that



traditionally required expert tuning. Reinforcement learn-
ing can select coarse variables that yield sparser hierar-
chies than classical strength-based heuristics, with infer-
ence cost scaling linearly and generalizing to problems
larger than training examples [62]]. Neural networks can
learn smoothing operators that converge faster than hand-
designed relaxation schemes [21]], or approximate inter-
polation operators with controlled sparsity that reduce
coarse-grid communication [38]. Automated parameter
selection removes the need for problem-specific tuning
[17]. These methods remain active research topics with
emerging production deployment, but they demonstrate
that data-driven optimization can reduce communication
costs beyond what manual algorithm design achieves.
Multigrid convergence degrades for problems lacking
smooth error structure. Helmholtz problems at high
wavenumber produce oscillatory solutions where error
varies at scales comparable to mesh spacing, preventing
accurate representation on coarser grids [[30]. Convection-
dominated flows produce error aligned with flow charac-
teristics rather than varying smoothly in all spatial direc-
tions [72]. For these problem classes, coarse-grid correc-
tion provides limited benefit regardless of hierarchy con-
struction, and iteration counts grow with problem size.

5.4 Coordinating Both Methods

Spatial locality and smooth error structure address differ-
ent hardware constraints through different mechanisms.
Domain decomposition exploits the fact that differential
operators couple unknowns to geometric neighbors, so
partitioning by spatial region yields interfaces of dimen-
sion (n/p)?/? rather than n/p. For 10%-unknown subdo-
mains at 25 GB/s bandwidth, interface exchange requires
3 ps compared to 320 us for full-vector communication,
reducing bandwidth demand by two orders of magnitude.
Multigrid exploits the fact that elliptic operators produce
smooth error representable on coarse grids, reducing it-
eration counts from O(y/k) to O(1). For problems with
k = 10% on 10° processors, this reduces synchronization
time from 200 ms to 2 ms.

5.4.1 Complementary Properties

Applying domain decomposition without multigrid re-
duces bytes per iteration but leaves iteration count at
O(p'/?) for one-level methods, reintroducing latency
costs as processor count grows. Applying multigrid with-
out domain decomposition reduces iteration count but
each V-cycle still requires O(n) data movement across
processor boundaries, leaving bandwidth as the bottle-
neck. Composing both methods bounds interface commu-
nication through spatial partitioning while bounding iter-
ation count through hierarchical error correction.
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Interface volume scaling as O(n?/3p'/3) and coarse di-
mension scaling as O(p) impose fundamental limits at ex-
treme scale. These bounds reflect the geometry of three-
dimensional domains and the necessity of propagating
global error information; algorithmic improvements can
approach these limits through better constants but cannot
change the scaling. Communication reduction enables ex-
ascale simulations like this, but does not address memory
growth from matrix factorization, which the methods in
§4 target. Production solvers compose memory-reduction
techniques with communication-reduction techniques, ap-
plying reordering and condensation within subdomains
while using domain decomposition and multigrid across
the distributed system.

5.5 KEY INSIGHT

Distributed methods pay communication costs
every iteration, exchanging data across bound-
aries and synchronizing globally for inner prod-
ucts. Domain decomposition exploits spatial lo-
cality and multigrid exploits smooth error struc-
ture, both reducing communication through dif-
ferent mechanisms. Improving the communica-
tion pattern often requires composing both meth-
ods.

6 Composition

The methods examined in prior sections each exploit a
single structural property to address a single bottleneck.
Nested dissection exploits geometric separators to reduce
memory footprint. Domain decomposition exploits spa-
tial locality to distribute memory and expose parallelism.
Multigrid exploits smooth error modes to reduce iteration
counts and thereby communication frequency. No single
method addresses both memory and communication con-
straints simultaneously, yet production codes at exascale
face both.

6.1 A Model Problem

Consider a 3D Poisson problem with 10° unknowns from
finite difference discretization on a 10003 grid. Storing
the matrix requires 80 GB in CSR format, which fits on
a single GPU with 80 GB HBM2e but leaves insufficient
workspace for factorization.

Nested dissection reduces factorization storage by ex-
ploiting geometric separators. The O(n?/3) separators
guaranteed by the 3D mesh embedding yield 10x stor-
age reduction, from approximately 800 GB to 80 GB.
However, the reordered factorization still exceeds single-
GPU capacity and remains inherently sequential. Conse-



quently, nested dissection addresses memory but not dis-
tribution or parallelism.

Domain decomposition distributes memory by exploit-
ing spatial locality. Partitioning into 1,000 subdomains
of 10% unknowns each reduces per-processor storage to
80 MB, well within GPU capacity. But the global in-
terface system requires iterative solution, and without
preconditioning, convergence takes 500—1,000 iterations
with MPI synchronization dominating runtime. Thus, do-
main decomposition addresses distribution but not itera-
tion count.

Multigrid reduces iteration counts by exploiting smooth
error modes. For elliptic operators, error after relax-
ation is geometrically smooth and well-represented on
coarser grids, enabling convergence in 10-15 iterations.
Yet multigrid hierarchy construction requires the problem
to fit in accessible memory, so it fails on the full 10°-
unknown system before iteration begins. Multigrid there-
fore addresses iteration count but presupposes that mem-
ory distribution has already occurred.

6.2 Limitations & Challenging Problem
Regimes

Idealized examples only go so far as to demonstrate why
composition is necessary. In practice, each method ex-
ploits specific structure and fails when that structure is
absent or minimal. Several problem characteristics com-
monly cause any number of these methods to have be sig-
nificantly less effective. Recognizing these characteristics
narrows the viable compositions for a given problem.

6.2.1 Directional Coupling

Some problems have coupling strengths that vary dramat-
ically by direction. In the matrix graph, edges in one di-
rection have weights 102~10° times larger than edges in
perpendicular directions. This creates error patterns that
are smooth along the strongly-coupled direction but oscil-
latory along weakly-coupled directions.

Such problems arise in simulations where physical pro-
cesses act preferentially along certain axes. Thin com-
putational domains (e.g., aspect ratios of 100:1 or more)
create similar directional bias. Flow problems where ma-
terial moves primarily in one direction exhibit coupling
aligned with the flow.

Multigrid struggles on these problems because its
coarsening strategy assumes error is smooth in all di-
rections after relaxation. Standard coarsening removes
every other grid point in each direction, but when cou-
pling is 10 times stronger horizontally than vertically, the
coarse grid cannot represent the horizontally-correlated
error. Consequently, convergence degrades from 10-15
iterations to hundreds, or the method diverges entirely.
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Coarsening only in the smooth direction helps but fails
when the strong-coupling direction varies across the do-
main.

Domain decomposition with direct subdomain solves,
however, remains robust because exact factorization has
no assumptions about error smoothness. ILU also sur-
vives when the matrix is otherwise well-conditioned. Spe-
cialized multigrid variants that align coarsening with the
coupling direction can work but require problem-specific
tuning.

6.2.2 Variable Coefficients

Some problems have matrix entries that vary by factors of
105 or more across the domain, reflecting material proper-
ties that differ dramatically between regions. This creates
error modes that are highly localized near the boundaries
between regions, spanning only a few grid points rather
than varying smoothly across the domain.

Such problems arise whenever the physical domain
contains materials with very different properties. Geo-
logical formations have permeability varying by 1061012
between rock types. Composite materials have stiffness
ratios of 102~10° between constituents. Any simulation
coupling regions with different physics (fluid next to solid,
for instance) exhibits similar jumps.

Multigrid coarsening cannot handle these problems be-
cause it skips over the localized modes at material inter-
faces. These modes have small spatial extent but dominate
the condition number; coarse grids that miss them produce
corrections that ignore the dominant error. Standard do-
main decomposition coarse spaces also fail because they
represent smooth functions over subdomains, not the lo-
calized interface modes. As a result, iterations grow from
20 to 200+ as contrast increases.

Domain decomposition with adaptive coarse spaces
survives by computing the problematic modes explicitly
during setup. These methods solve small eigenproblems
on each subdomain to identify modes that the standard
coarse space would miss, then include them. ILU and di-
rect subdomain solves also survive because they operate
on exact matrix entries without coarse-grid assumptions.

6.2.3 Indefinite Problems

Some matrices have both positive and negative eigenval-
ues, meaning that moving in certain directions increases
the residual rather than decreasing it. Iterative methods
that assume all corrections reduce error can amplify error
components associated with negative eigenvalues.

Such problems arise in wave propagation at high fre-
quency, where solutions oscillate rapidly. They also arise
in constrained problems where the matrix has a block of
zeros or negative entries enforcing constraints..



Multigrid diverges on these problems because the
coarse-grid correction step assumes that correcting
smooth error always helps. When some eigenvalues are
negative, the correction amplifies those components in-
stead of reducing them. ILU can also fail because the in-
complete factors may have the wrong sign structure, caus-
ing the preconditioner to amplify error rather than reduce
it.

Domain decomposition with direct subdomain solves,
however, handles indefiniteness through exact factoriza-
tion with pivoting, which correctly handles any sign struc-
ture. Specialized preconditioners designed for saddle-
point structure also work by preserving the block structure
rather than treating the matrix as a single system.

6.2.4 Lack of Geometric Embedding

Methods that exploit geometric structure require the ma-
trix graph to have small vertex separators arising from
spatial locality. Standard PDE discretizations have this
property because each mesh point couples only to imme-
diate neighbors, yielding separators of size O(n'/2) in 2D
and O(n?/3) in 3D.

Nonlocal models break this assumption. For example,
olecular systems discretized by bond connectivity rather
than mesh connectivity may also lack small separators
when the molecular topology (rings, long chains) does not
embed well in 3D.

Nested dissection fails on such problems because its
complexity advantage comes entirely from small separa-
tors. For graphs with O(n) separators, recursive bisec-
tion provides no benefit over other orderings. Geometric
multigrid requires regular spatial coarsening that makes
no sense without mesh structure.

Algebraic multigrid survives by constructing coarse
levels from matrix entries rather than spatial coordinates,
though its effectiveness varies with problem structure.
ILU operates purely on matrix entries and sparsity pat-
tern. For problems genuinely lacking spatial structure,
sparse direct solvers with approximate minimum degree
ordering may be the only robust option.

6.2.5 Lack of Block Structure

Static condensation requires the matrix to have a spe-
cific block structure where interior unknowns couple only
within local regions (elements), not across region bound-
aries. This creates block-diagonal structure in the interior-
interior coupling, enabling parallel elimination.

This structure is a property of how the problem was
discretized, not the underlying physics. Discontinuous
Galerkin and hybridized methods create this structure
by design. Standard continuous finite elements do not:
boundary unknowns couple to interiors of multiple ad-

jacent elements, destroying the required block-diagonal
structure.

Static condensation is simply unavailable without this
structure. No reordering or reformulation can create
block-diagonal interior coupling where the discretization
did not produce it. Even when the structure exists, con-
densation only pays off when interior unknowns domi-
nate.

All other methods are unaffected by this constraint.
Multigrid, domain decomposition, ILU, and nested dis-
section operate on the assembled matrix without requiring
element-interior structure. Thus, this constraint affects
only whether condensation can be added to the compo-
sition.

6.2.6 Summary

Table [5] summarizes which methods survive each prob-
lem characteristic. Problem characteristics, not method
preferences, determine viable compositions. An applica-
tion with extreme directional coupling cannot use stan-
dard multigrid regardless of its theoretical advantages; an
application with high coefficient variation requires adap-
tive coarse spaces regardless of their setup cost.

Table 5: Problem characteristics and method viability. v'=
method works; x = method fails or degrades severely; o
= method works with modifications.

MG DD ILU ND Cond.
Directional coupling X v v v v
Coefficient variation X o v v v
Indefiniteness X v X v v
Lack of graph structure o o v X v
Lack of block structure v v v v X

6.3 KEY INSIGHT

Each method addresses at least one bottleneck
(e.g., reordering and condensation reduce mem-
ory; domain decomposition distributes memory;
multigrid reduces iterations), so composition is
required to address both memory and communi-
cation at scale. In addition, solving a problem at
scale requires identifying which methods survive
the problem’s constraints, then composing those
survivors to cover both bottlenecks.

7 Application Spotlight

Production codes navigate memory and communication
constraints by identifying available structural properties,
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checking robustness requirements, and composing viable
methods. Several large-scale problems illustrate this pro-
cess across a variety of applications with different con-
straint landscapes. Here, each example identifies the
structural properties available, notes which robustness
constraints apply, describes the resulting composition, and
summarizes performance at scale.

7.1 ExaWind: Hybrid Grids at Exascale

The ExaWind wind farm simulation framework models
atmospheric flow around wind turbines, coupling two
solvers to resolve length scales from millimeter-thick
boundary layers on blade surfaces to kilometer-scale at-
mospheric turbulence [58]. On Frontier (AMD MI250X
GPUs, 8 GCDs per node), production runs reach 40 bil-
lion grid points on approximately 4,000 nodes. Both
solvers produce elliptic pressure systems that are typically
good candidates for domain decomposition and multigrid.

* Constraints. The pressure systems have modest di-
rectional coupling and smooth coefficients, so multi-
grid works. However, moving turbine blades require
recomputing multigrid hierarchies every timestep,
preventing amortization of setup.

Composition. Both solvers use domain decompo-
sition for memory distribution and multigrid for it-
eration reduction. The block-structured solver uses
geometric multigrid; the unstructured solver uses al-
gebraic multigrid (hypre BoomerAMG).

Performance. Solve phases accelerate on GPUs; to-
tal time grows due to repeated multigrid setup. On-
going work targets incremental hierarchy updates to
reduce setup cost.

7.2 XGC: Extreme Directional Coupling

The XGC gyrokinetic code simulates edge plasma in toka-
mak fusion reactors, where particles spiral tightly around
magnetic field lines while drifting slowly across them
[42]]. The simulation domain is a toroidal mesh with 10—
100 million vertices; the dominant cost is solving a gy-
rokinetic Poisson system at each timestep. On Summit
(NVIDIA V100 GPUs, 6 per node) and Frontier, XGC
runs on 1,000-10,000 nodes for reactor-scale simulations.

+ Constraints. Coupling ratios exceed 10%:1 between
parallel and perpendicular directions, so multigrid
fails. Coarsening selects only strongly-coupled con-
nections, producing coarse grids that miss perpendic-
ular error entirely.
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e Composition. XGC uses domain decomposition
with direct subdomain solves (sparse LU via Su-
perLU_DIST) instead of multigrid. Direct factor-
ization handles any coupling pattern. A physics-
based coarse space reflecting the adiabatic electron
response provides global coupling, keeping itera-
tions at 20-40.

Performance. The composition trades multigrid’s
O(n) per-iteration cost for robustness. Direct sub-
domain solves are more expensive but feasible for
appropriately sized subdomains.

7.3 Reservoir Simulation: High Coefficient
Variation

Subsurface flow simulation solves pressure equations on
geological meshes representing oil and gas reservoirs
[74]]. A typical reservoir model contains 1-100 million
cells spanning kilometers horizontally and hundreds of
meters vertically, with cell aspect ratios of 10:1 to 100:1.
The pressure equation is elliptic, typically a good candi-
date for multigrid.

+ Constraints. Permeability varies by 10°-10'2 be-
tween geological layers (shale versus sandstone, for
instance), breaking both multigrid and standard do-
main decomposition coarse spaces. Both miss local-
ized modes at material interfaces.

Composition. Production codes use domain de-
composition with adaptive coarse spaces (GenEO or
spectral coarse spaces) that compute the problem-
atic modes explicitly. ILU-preconditioned subdo-
main solves replace multigrid.

Performance. Adaptive coarse spaces restore 20—40
iterations at the cost of per-subdomain solves during
setup. Total time is 2-5x longer than for uniform-
coefficient problems.

7.4 NekRS: Rich Block Structure

The NekRS spectral element code solves incompressible
Navier-Stokes for turbulent flow simulation [33]]. Using
polynomial degree p = 15, each hexahedral element con-
tains (p + 1) = 4096 unknowns. Approximately 67%
are interior to elements; 35% lie on faces. On Fron-
tier and Aurora (Intel Data Center Max GPUs), NekRS
scales to the full machine for simulations with billions of
grid points. The high-order discretization creates block-
diagonal interior coupling that condensation requires.

¢ Constraints. All robustness constraints are satisfied:
moderate coefficients, block structure for condensa-
tion, smooth error for polynomial multigrid.



e Composition. Static condensation eliminates inte-
rior unknowns through batched dense factorizations,
reducing dimension by 5x. Domain decomposition
distributes the reduced system. Polynomial multigrid
achieves 10-20 iterations.

Performance. Batched dense operations achieve
high arithmetic intensity on GPUs. The 5 x reduction
keeps the skeleton system in fast memory. Strong
scaling reaches thousands of GPUs with 80%-+ par-
allel efficiency.

7.5 FROSch:
mentation

Hardware-Efficient Imple-

When all robustness constraints are satisfied, implementa-
tion efficiency becomes the primary concern. FROSch im-
plements two-level domain decomposition precondition-
ers within the Trilinos library, targeting linear elasticity
and similar well-conditioned problems [75]. On Summit
(NVIDIA V100 GPUs), FROSch demonstrates GPU ac-
celeration strategies for domain decomposition.

e Constraints. Test problems are well-conditioned
with no extreme coupling or coefficient variation.
The challenge is hardware efficiency, not algorithmic
robustness.

Composition. FROSch uses two-level domain de-
composition with GDSW coarse spaces. Implemen-
tation choices target GPUs: NVIDIA MPS runs mul-
tiple MPI ranks per GPU to improve occupancy;
inexact subdomain solves (ILU) expose more par-
allelism than exact factorization; mixed-precision
(FP32) preconditioner construction reduces memory
traffic.

Performance. These choices yield 2x speedup on
solve phases versus CPU. Algorithmic composition
is necessary but not sufficient: hardware-aware im-
plementation determines whether theoretical advan-
tages are realized.

7.6 KEY INSIGHT

Problem characteristics determine viable compo-
sitions. Under difficult problem regimes, codes
substitute robust alternatives and accept higher
cost for guaranteed convergence.

8 Summary and Future Directions

Sparse linear systems arising from PDE discretizations re-
main the primary computational bottleneck in large-scale
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scientific computing, consuming 70-80% of runtime in
production applications. On contemporary architectures
the dominant cost is no longer arithmetic but data move-
ment through deep memory hierarchies and communica-
tion across nodes. Consequently, the effectiveness of a
solver depends not only on convergence properties but
on how well algorithmic structure aligns with hardware
structure.

Across reordering, static condensation, incomplete fac-
torizations, multigrid, and domain decomposition, a con-
sistent theme emerges. Each method exposes a different
form of locality, reduced coupling, or parallelism. Yet
no single method can simultaneously minimize fill, com-
munication, and iteration count. Large-scale simulations
therefore compose multiple techniques routinely, not from
theoretical convenience but from architectural necessity.

Understanding when methods fail is as important as un-
derstanding when they succeed. Anisotropy, high coeffi-
cient contrast, irregular geometry, and indefiniteness are
not edge cases; they characterize the problems that mat-
ter most. The simulations driving scientific progress are
precisely those where standard assumptions break down.
Methods that gracefully handle such complexity, rather
than assuming it away, determine what problems can ac-
tually be solved at scale.

8.1 Toward Architecturally Aligned Solvers

What remains insufficiently understood is how solver
structure interacts with heterogeneous architectures.
Seemingly similar algebraic choices behave very differ-
ently on CPUs, GPUs, and APUs such that achieving
performance requires methods exploiting the right par-
allelism at the right granularity while minimizing data
movement and global synchronization.

Several directions have been demonstrated to yield im-
provements. Hybridized and high-order methods expose
dense local kernels mapping naturally to GPUs. Block-
structured formulations enable task parallelism and re-
duce global coupling. Communication-avoiding variants
of multigrid and domain decomposition offer paths to-
ward latency-tolerant scalability. Performance models
coupling operator structure with memory hierarchy be-
havior pose opportunities for predicting when and how
solver components should be composed.

Solvers integrating these directions would be task-
parallel, memory-aware, and designed for heterogeneous
environments. Equally important, they would degrade
gracefully when standard assumptions fail. They would
scale not through algorithmic optimality on idealized
problems but because their structure is engineered for the
realities of modern computing.

As architectures evolve toward deeper hierarchies and
increased heterogeneity, the most effective sparse solvers



will be those bridging mathematical structure and ma-
chine structure.
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