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Background

Operator Learning

▶ Learn a mapping G : U 7→V between function
spaces.
▶ Input a function u ∈U

▶ Could be material properties or initial
conditions

▶ Output a function v ∈V
▶ Usually a solution to the PDE problem

▶ G is typically defined implicitly for
F(u,G(u)) = 0 where F is known



Background

Operator Learning: Intuition
▶ Poisson equation: −v′′(x) = u(x) on [0,1], with

v(0) = v(1) = 0
▶ u(x) is the forcing term — where and how

hard you “push”
▶ v(x) is the response — the shape that

results
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Background

Operator Learning vs PINNs

▶ PINNs are basically just the model of the
month + PDE constrained training loss.

▶ In PINNs you specialize on a single
problem and retrain every time!

▶ Operator Learning attempts to learn the
underlying mapping of classes of problems.

▶ So if it’s seemingly more useful why isn’t
it much more popular?



Background

Operator Learning: Limitations

▶ Input is a function with ∞ DOFs (huge)
▶ Very hard to explore this space.
▶ So naturally they are very inaccurate.
▶ Relative error 10−4 vs 10−16 in classical

solvers.
▶ G can also have complex structure

▶ Shocks; boundary layers; bifurcations;
anisotropy; variable domains



Background

Newton–Kantorovich Method

▶ We want to solve F(u,v) = 0 for nonlinear v
▶ Same idea as Newton’s method but for

functions:
1. Start with a guess v0
2. Linearize F around vn
3. Solve for a correction δvn
4. Update vn+1 = vn +δvn

▶ A hard nonlinear problem is now a sequence of
easy linear ones

▶ Each linear problem depends on the current
estimate vn, so it changes every iteration

▶ This is the standard algorithm for solving
nonlinear PDEs numerically



CHONKNORIS

The paper.
This is the paper.



CHONKNORIS

Main Idea

Don’t learn the full nonlinear map G, instead
learn the solver used inside each Newton step

▶ If we try to learn G directly we’re
approximating a nonlinear function of ∞
variables. (hard)

▶ If we instead learn the inner solver we’re
approximating a class of matrices A(u,vn)

−1 (way
easier)

▶ Because we’re learning the inner solve, the
approximation just has to be good enough to
yield a decent search direction



CHONKNORIS

Main Idea
▶ The linear system in each step can be

ill-conditioned (ie the numerics behave in a
nasty way)

▶ Add a regularization term

δvn = argmin
δv

∥∥∥∥F +
δF
δv

[δv]
∥∥∥∥2

+λ‖δv‖2

▶ This produces a damped update

δvn =−
(
JT J+λ I

)−1︸ ︷︷ ︸
Q(u,vn)

JT F(u,vn)

where J = δF
δv is the Jacobian

Q(u,v) is the matrix we need each iteration and is
what CHONKNORIS learns



CHONKNORIS

Main Idea

▶ Learn Q = (JT J+λ I)−1 as a function of (u,v)
▶ Instead of learning Q directly, learn its

Cholesky factors R̂
▶ The update becomes

vn+1 = vn −αnR̂R̂T JT F(u,vn)

where αn is a step size
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Main Idea

▶ Learn Q = (JT J+λ I)−1 as a function of (u,v)
▶ Instead of learning Q directly, learn its

Cholesky factors R̂
▶ The update becomes

vn+1 = vn −αnR̂R̂T JT F(u,vn)

where αn is a step size

Learned search direction

Linear error minimizer
Nonlinear residual



CHONKNORIS

Training

▶ Generate a bunch of real Cholesky factors
several iterations of the inner solve.

▶ Run any regression model to minimize

∑‖R̂θ −Rtrue‖2

▶ Because training data comes from the Newton
solver’s trajectory we greatly shrink the
dimensions of the problem.

▶ Just learn how R changes as it the problem
converges.



CHONKNORIS

Inference

▶ Inference replaces the cost of recomputing
and factorizing Q.

▶ Generate R and perform two TRSVs.
▶ Iterate until ‖F(u,vn)‖ is small enough.
▶ You can monitor convergence without

knowing the true answer
▶ NOTE: operator learning methods generally

don’t let you do this, they’re meant to be
a one-shot method.



CHONKNORIS

Inference

vn
evaluate F−−−−−−−−→ rn

JT

−→ gn
R̂R̂T

−−→ δvn
vn+δvn−−−−→ vn+1

▶ If you squint each iteration looks like a
ResNet block

▶ Input vn, compute a correction, add it back
▶ Key difference is that we don’t explicitly

have layers, we have iterations. And we don’t
have more expressivity, we have more accuracy
(spoiler)



CHONKNORIS

FONKNORIS

▶ Their foundational model.
▶ Main idea. the Jacobian of any second-order

PDE can be written as

J = a(u,v)∂xx +b(u,v)∂x + c(u,v)

▶ Different PDEs just have different coefficient
functions a,b,c

▶ FONKNORIS learns R̂ as a function of a,b,c
instead of u,v

▶ The model never sees the PDE itself just the
structure of its linearization



CHONKNORIS

FONKNORIS

▶ Train separate experts, one per PDE
▶ Combine them using a mixture-of-experts

procedure
▶ Training data is roughly 10k samples per PDE

at Nx = 64 grid points
▶ Test on new PDEs that we excluded from

training (although the coefficients do fall
within the range of training data)



RESULTS

Forward Problems

“We’re good; they’re bad.”

Problem GP FNO TNO CHONKNORIS
Elliptic 5e−6 1e−3 6e−3 9e−16
Burgers’ 1e−1 9e−3 2e−2 5e−16
Darcy flow 2e−3 5e−3 4e−3 1e−15

▶ Elliptic - 10 iterations to machine precision
(exact solver needs 4)

▶ Darcy: needs more iterations for harder inputs
▶ 10 iters = 1e−3, 100 iters = 1e−6, 1000 iters = 1e−16

▶ Problems are all remarkably small
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RESULTS

Inverse Problems

“We’re good; they’re bad.”

Problem GP CHONKNORIS
Impedance imaging 2e−2 3e−15
Wave scattering 2e−2 9e−13
Seismic imaging 5×5 2e−2 2e−14
Seismic imaging 10×10 6e−2 1e−3

▶ Inverse problems: given some measurements
recover a bunch of hidden parameters

▶ These are much harder than forward
problems (ill-posed, nonlocal)

▶ Seismic model fails at 10×10 seismic, the
matrices become ill-conditioned



RESULTS

Generalizability

▶ Trained on nonlinear elliptic, Burgers’, Darcy
flow.

▶ Tested on Klein–Gordon, Sine–Gordon
▶ Achieves 1e−8 - 1e−11 relative error on test

PDEs after 20 iters.
▶ 5–8 orders of magnitude better than any

existing method.
▶ NOTE: conventional solvers converge 4-5.
▶ Why does this work? The authors aren’t

confident but it likely has something to do
with the fact that inverting a linear operator
is much simpler than one-shot operating
learning.
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RESULTS

Convergence bounds
▶ Per-iteration “forcing term”

θk ≤
λk

λk +σ2
∗
+M2ελ R̂

▶ Left term - the error due to solving in a
linearized iterative fashion .

▶ Right right - approximation error of the
surrogate

▶ Authors prove the solution converges for
θk < 1.

▶ This means we don’t need to learn the
factors perfectly just less than the cost
of the left term.

▶ (I am highly simplifying this bit)



That’s really it.
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